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High-energy particle physics experiments allow for the possible existence of a new light, very weakly 
coupled, neutral gauge boson (the U boson). This one permits for light (spin-i or spin-0) particles 
to be acceptable Dark Matter candidates, by inducing sufficient (stronger than weak) annihilation 
cross sections into e + e~. They could be responsible for the bright 511 keV 7 ray line observed by 
INTEGRAL from the galactic bulge. 

Such a new interaction may have important consequences, especially at lower energies. Parity- 
violation atomic-physics experiments provide strong constraints on such a U boson, if its couplings 
to quarks and electrons violate parity. With the constraints coming from an unobserved axionlike 
behaviour of this particle, they privilegiate a pure vector coupling of the U boson to quarks and 
leptons, unless the corresponding symmetry is broken sufficiently above the electroweak scale. 



I. INTRODUCTION 

The SU(3)xSU(2)xU{l) standard model gives a very 
good description of strong and electroweak phenomena, 
so that the possible existence, next to the gluons, pho- 
ton, W ± and Z, of an additional neutral gauge boson, 
called here the U boson, is severely constrained. The 
U contributions to neutral-current amplitudes should be 
sufficiently small, as well as its mixing with the Z. Ac- 
cording to the usual belief, any such new interaction must 
be weaker than ordinary weak interactions, or it would 
have been seen already. 

This only applies directly, in fact, to heavy neutral 
gauge bosons. For light gauge bosons having small cou- 
plings to Standard Model particles, the discussion is dif- 
ferent When the mass mjj of the exchanged boson 
is small (compared to the momentum transfer J \q 2 \ ), 
propagator effects are important, [/-induced cross sec- 
tions then generally decrease with energy , as for electro- 



magnetic ones, as soon as \q 2 \ gets larger than w 
(as for Z-exchanges, above the Z mass), and may be suf- 
ficiently small, if the U couplings are small enough. In 
particular, the existence of a new light gauge boson U 
having couplings / to matter particles such that 

P g 2 + g' 2 , n , M , 
— ~ 2 — or ~ g f) > (1) 

m u m z 

for example, is not necessarily excluded by high-energy 
scattering experiments. Experiments performed at lower 
energies, such as those measuring parity- violation effects 
in atomic physics (as we shall discuss here), or neutrino 
scattering cross sections at lower \q 2 \, are particularly 
relevant to search for such a particle, and constrain its 
properties [111 H. 

Let us recall, however, that even if it is very weakly 
coupled, a light spin-1 U boson could still have detectable 
interactions. And this, even in the limit in which its 
couplings / to quarks and leptons would almost vanish, 
a very surprizing result indeed (apparently) ! 
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In fact a very light spin-1 U boson behaves in this 
case (/ — * very small, mjj — > very small) very much as 
a quasimassless spin-0 axionlike particle, if the current 
to which it is coupled includes a (non-conserved) axial 
part |l7j| . This axionlike behavior then restricts rather 
strongly its possible existence and properties, implying 
that the corresponding gauge symmetry be broken at a 
scale at least somewhat above the electroweak scale; or 
even at a very high scale, according to the "invisible U- 
boson" mechanism 0, || . 

It is also possible that the new current to which the U 
couples is purely vectorial, involving a linear combination 
of the conserved B, L and electromagnetic currents, as 
in a class of models discussed in Refs. In this case 

there is no such axionlike behavior of the U boson. No 
significant extra contribution to parity-violation effects 
is then to be expected. 

We now turn to the recent suggestion of Light Dark 
Matter particles. Contrasting with the heavy WIMPs, 
such as the neutralinos of supersymmetry, light (annihi- 
lating) spin-i or spin-0 particles can also be acceptable 
Dark Matter candidates. This requires, however, that 
they annihilate very efficiently, necessitating new interac- 
tions, as induced by a light U boson 7, 8]. The required 
annihilation cross sections (~ 4 to 10 pb, depending on 
whether Dark Matter particles are self-conjugate or not), 
must be significantly larger than weak-interaction cross 
sections (for this energy), otherwise the relic abundance 
would be too large ! The U -induced Dark Matter annihi- 
lation cross section into e + e~ ( o~ ann v re i / c) also includes, 
naturally, a v$ m low-energy suppression factor (as desir- 
able to avoid excessive 7 rays from residual light Dark 
Matter annihilations [§])• This requirement is satisfied, 
in the case of a spin-i Dark Matter particle axially cou- 
pled to the U, if this one is vectorially coupled to elec- 
trons y|. 

A new interaction stronger than weak interactions 
could seem, naively, to be ruled out experimentally. In 
fact, however, the [/-mediated Dark-Matter/Matter in- 
teractions should be stronger than ordinary weak inter- 
actions but only at lower energies, when weak interac- 
tions are really very weak. But weaker at higher energies, 
at which they are damped by U propagator effects (for 
s or \q 2 \ > m^j), when weak-interaction cross sections, 
still growing with energy like s, become important. The 
smallness of the U couplings to ordinary matter (/), as 
compared to e, by several orders of magnitude, and of 
the resulting U amplitudes compared to electromagnetic 
ones, can then account for the fact that these particles 
have not been observed yet. The U boson, in addition, 
may well have dominant invisible decay modes into un- 
observed Dark Matter particles. 

We indicated in may 2003 that a gamma ray signature 
from the galactic centre at low energy could be due to the 
existence of a light new gauge boson, inducing annihila- 
tions of Light Dark Matter particles into e + e~ @. The 
observation, a few months later, by the satellite INTE- 



GRAL of a bright 511 keV 7 ray line from the galactic 
bulge 10] , requiring a rather large number of annihilating 
positrons, may then be viewed as originating from Light 
Dark Matter annihilations [llj. Indeed spin-0, or as well 
spin-i particles, could be responsible for this bright 511 
keV line, which does not seem to have an easy interpre- 
tation in terms of known astrophysical processes 0, Il2| . 
One should, however, also keep in mind that Light Dark 
Matter particles may still exist, even if they are not re- 
sponsible for this line. (And that a light U boson may be 
present, even if Light Dark Matter particles don't exist 
at all [Ig.) 

Returning to Standard Model particles, a new inter- 
action that would be stronger than weak interactions at 
lower energies (at least when dealing with Light Dark 
Matter particle annihilations) could have important im- 
plications on ordinary physics, especially at lower ener- 
gies or momentum transfer, even if it has no significant 
influence on high-energy neutral current processes. 

As we shall see, parity-violation atomic-physics ex- 
periments 01 provide new strong constraints on such a 
gauge boson - whether light or heavy - if its couplings 
to quarks and electrons violate parity, then requiring 
that the corresponding symmetry be broken significantly 
above the electroweak scale. 



II. THE EFFECTIVE WEAK CHARGE 
OF A NUCLEUS 

Such models, in which the standard gauge group is ex- 
tended to include SU(3) x SU{2) x U(l) x extra-C/(l) at 
least, have been discussed in detail. They involve an ad- 
ditional neutral gauge boson U (which may also be called 
Z' or Z"), initially associated, before gauge symmetry 
breaking, with the extra-C/(l) generator. Mixing effects 
with the Z, however, in general play an important role, as 
far as the U couplings are concerned 0, IE Q ■ When the 
extra-Z7(l) gauge coupling constant (<?") is small com- 
pared to g and g', the mixing angle (oc g" j \J g 1 + g' 2 ) 
turns out to be small also, and the modification to the 
Z weak neutral current, still given by ( J M 3 — sin 2 6 J^ em ) 
up to very small corrections ( cx g" 2 /(g 2 + g' 2 )), is in fact 
negligible. 

The current to which the U boson couples, however, is 
significantly affected by the mixing, acquiring, in addi- 
tion to the initial extra-£/(l) term, a new contribution 
proportional to (J M 3 — sin 2 #J^, m ). The resulting U- 
current includes in general a vector part which appears 
as a linear combination of the conserved B, L and electro- 
magnetic currents, as well as an axial part (which may, 
however, not be present at all, depending on the models 
considered). In particular, in a class of simple one-Higgs- 
doublet models the quark-and-lepton contribution to the 
U current turns out to be purely vectorial 0, El _ which 
also provides the desired v£ m factor in the annihilation 
cross section of spin-i light Dark Matter particles @. 
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We now proceed with the phenomenological analysis, 
expressing the relevant couplings in the Lagrangian den- 
sity as follows: 



C 



e J fJ em 



- Uf, E f=lq f Y {fvf - 75 fAf ) / 



(2) 



1-75 



The left- and right-handed projectors are Vl 
Vr= (so that a left-handed {/-current would cor- 

respond to fv— Ia), with 75 = ( J o) ' an< ^ the metric 

(H ) . The relevant terms in the Z weak neutral 

current are given by 



J" 



J% - sin 2 9 J» e , 



= \ e 7^75 6 + (-j + s 2 ) e^e 
- \ u 7^75 it + ( \ - \s 2 ) uYu 

+ i d^ l5 d + (- i + |s 2 ) d^d 



(3) 



with 



= sin 2 # = d 2 j(g 2 + g' 2 ), 9 being the elec- 
troweak mixing angle |19| . The vector part of the Z weak 
neutral current is associated with the Z (vectorial) weak 
charge, which reads, as far as the quark contribution is 
concerned [2(| [2j , 

Ts h + Tz r 



Qz = (T 3L ) v -sm 2 
Z - N 



— sm 



Q 



2 Qweak (Z , N) 



(4) 



sin 2 9 Z 

4 

The quantity 

Qw [Z, N) = Z (1-4 sin 2 9) - N « -JV , (5) 

to which it is proportional, is usually referred to as the 
"weak charge" of a nucleus of Z protons and N neutrons, 
and governs the parity- violation effects in atomic physics 
we are interested in [lj, . 

The corresponding effective Lagrangian density in- 
volves the products of the (Z and U) axial currents of 
the electron by the vector neutral currents of the quarks 
(i.e. ultimately the vector currents associated with pro- 
tons and neutrons). It may be written, in the local limit 
approximation (assuming my somewhat larger than the 
relevant \q 2 \, cf. Section ITV|l as: 



£eff 



g 2 + g' 2 i - 



[G 



s 2 ) u^u + (-| + is 2 ) dj^d] 



Ia 



f e7 M 7 5 e [f V u wf^u + fvd d^d] . 

The quark (or proton and neutron) contribution to the 
charge Qu associated with the vector part of the U cur- 
rent reads 



Qu = [Vvu + fvd) Z + (fvu + Vvd) N 
= 3/* (Z + N) = Zff q A . 



(7) 



This proportionality to the total number of nucleons A 
holds only, strictly speaking, when the U has equal vector 
couplings to the u and d quarks, fv u — fvd- If n °t, 
we can still use eq. {7J as defining the average effective 
vector coupling fy? of the U boson to a quark, within 
the nucleus considered. 

The effective Lagrangian density © responsible for 
atomic parity-violation effects leads to the parity-vio- 
lating Hamiltonian de nsity for the electron field, in the 
vicinity of the nucleus 



QSity 

m 



Hefi 



= -t 



e t (f)7 5 e(f) 



16 mi 



[Z(l-4s 2 ) - N] 



fAef. CS 
5 



■P- 3 (Z + N) 



S(r) 



— ot 



e T (r)7 5 e(f) 



Gp 
2V2 



Qw(Z, N) 6(r) 



(8) 

In the non-relativistic limit (with small components ex- 
pressed as ~ a.p / (2m e ) acting on the electron wave- 
function), this turns into the parity- violating hamiltonian 
for an atomic electron, 



H, 



G, 



cir 



a.p 5(r) + S(r) a.p 



2V2 2 m e 

p being the electron momentum operator. 



, eg 

w 



(Z, N) 



(9) 



This hamiltonian is expressed in terms of an "effective 
weak-charge" of the nucleus, which includes, in addition 
to the standard contribution Qw(Z, N)sm (given by 
eqs. (I4I5H . plus radiative correction terms), an additional 
U contribution, in the case of a parity-violating U cur- 
rent: 



^(Z,N) = Qw(Z,N) SM - 



2\[2 f Ae fvl 
~~G~i 



3 (Z+N) . 
(10) 

This applies even if the vector coupling of the U differs 
for the u and d quarks, the effective quark vector coupling 

fcft 
<Vq 



fyq being defined from eq. Q by 



j-eff 
JVq 



f Vu (2Z + N) + f vd (Z + 2N) 
3 (Z + N) 



(11) 



III. EXPRESSION IN TERMS OF THE 
SYMMETRY-BREAKING SCALE 



Equation l |10| l. namely 



&QW(z, N) 



2 \[2 j ~Ae fy q 

Gf m? T 



3 (Z + N) 



(12) 
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may be identified with the one given in Q, 
AQ W = r 2 c v 3 (Z + N) 



(13) 



in a simple situation with a universal axial contribution 
to the U current. The axial and vector couplings are then 
parametrized, in terms of the extra-[/(l) gauge coupling 
g" 0, as 



f y 
J A = t 



fv = 



4 



= 2" 



Gp mu r 

2 1CT 6 m;y(MeV) r 



Gp mu r c v 
2 1(T 6 m u (MeV) 



r < 1 (here simply defined by 



r c v . 
. (W) 

-3— = — 3— r ) is a dimen- 
sionless parameter related to the extra-£7(l) symmetry- 
breaking scale, and c v (initially denoted cos (f , although 
not necessarily smaller than 1 in modulus) measures the 
magnitude of the quark vector coupling relatively to the 
axial one. The parity-violating [/-exchange amplitudes 
are proportional to the Fcrmilike constant 



I a h 



fJ 



!J2 



16 m^j 



G F 
2 V2 



r 2 



(15) 



allowing the identification of expressions (|12|l and (|13|) of 
AQ W . 

The parameter r < 1 represents more generally, in such 
models, the scale at which the extra-C/(l) symmetry gets 
spontaneously broken (to which it is, roughly, inversely 
proportional) 0, ■ In a class of models r = 1 would 
correspond to an extra U(l) broken "at the electroweak 
scale" by two Higgs doublets only ( < tp£ > — v\/ \/2 
and <ip° > = V2/V2); this, however, is excluded exper- 
imentally as the light U would then behave very much as 
a standard axion (with presumably, in the present case, 
invisible decay modes into Light Dark Matter particles 
dominating over the visible ones into e + e~). 

r is smaller than one, if an extra Higgs singlet pro- 
vides an additional contribution to the U mass, r < 1 
measuring the amount by which the extra-C/(l) symme- 
try gets broken "above the electroweak scale" or "at a 
large scale" through this (large) extra singlet v.e.v. [24| . 
This can make the physical effects of the U boson essen- 
tially invisible in particle physics, very much as for an 
axion, according to the "invisible U boson" (or similar 
"invisible axion" ) mechanism fil 



Reexpressing A Qw as in i|13f) allows us to compare 
directly the extra amount of parity-violation due to the 
U boson to the Z contribution, in terms of r < 1. The U 
contribution (for parity-violating couplings to quarks and 
electrons) would be roughly of the same order as the stan- 
dard one (and then excessively large), if the extra-C/(l) 
were broken at a scale comparable to the electroweak 
scale. 



IV. PROPAGATOR EFFECTS FOR A 
VERY LIGHT U BOSON 

In addition, if the U is light enough (i.e., as compared 
to the typical ■J \q 2 \ in the experiment considered), one 
can no longer use for its propagator the local limit ap- 
proximation. One writes instead, 



£ £ Cff 

JAe JVq 
? ~ 

m. 



f f cff 

JAe /' 



Vq 



m r 



vjj — q mfj uvjj 

which leads to a corrective factor 



m 



u 



111 



u 



in; 



q 2 



for mu < q' 

1 for m v 3> q' 



(16) 



(17) 



as compared to a calculation that would have been per- 
formed in the local limit approximation. 

Expression l|16fl is associated with a Yukawa-like (or 
Coulomb-like, if the U is massless) parity-violating po- 
tential, i.e. 

£ £ Cff 

JAe J^ 



Vq 



/£ eff 
Ae Jvq 



JAe J\v q rrijj e 



4ir \r\ 



111: 



47r r 



where 



•v 



(18) 



4tt r 



(= "W(0 ) 



mu 



8(r) , (19) 



in the case of a sufficiently "heavy" U (typically mu ?t 
100 MeV/c 2 as we shall see), leading to the parity- 
violating hamiltonian @ (with S (r ) replaced by the nor- 
malized nuclear density p n (f), if the nucleus is not taken 
as pointlike). 

For a too light U boson, however, the local limit 
approximation is not valid, and the new contribution 
A as given by l(T2"|l should be multiplied by a cor- 
rection factor K(mu) obtained by replacing 8(f) in (JSJ 
or © by the appropriate Yukawa distribution 5 mu (f) 
of eq. I|19|l . which extends over a range w Ti/ (muc). The 
normalized nuclear density p n (f n ) (which may be approx- 
imated by a 5(r n ) distribution although it extends over a 
radius R n ~ r A 1 / 3 ~ 6 Fermi for Cs) gets replaced by 
its convolution product with the 8 mu (f—f n ) Yukawa dis- 
tribution, corresponding to the exchange of a very light 
U between an electron at r and the nucleus at r n . 

This can be expressed through a corrective factor 



K(mu) 



{mu) 



> 



< Hcff (mt7-»°o) > 
J < et(r)7 5 e(r) > p„(r n ) S mu (f - f n ) d 3 f d 3 f n 



J < et(r)7 5 e(r*) > p n (r) d 3 f 

evaluated in and given numerically in Table I. 



(20) 
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TABLE I: Atomic factor K(Mu) giving the correction to the 
weak charge AQw{mu) for the cesium atom. 



or, approximately, 



mu 
( MeV/c 2 ) 


.1 


.37 


.5 


1 


2.4 


5 


10 


20 


50 


100 


corr. factor 
K(m v ) 


.025 


.15 


.20 


.33 


.5 


.63 


.74 


.83 


.93 


.98 



The mass m v ~ 2.4 MeV/c 2 , for which if (my) = \ , 
defines the typical momentum transfer associated with 
cesium parity-violation experiments. The corresponding 
H/(muc) is ~ 80 Fermi: the electron involved in the 
parity-violating transition of the cesium atom "feels" in 
fact the new [/-mediated interaction, even if it is rela- 
tively long-ranged, essentially in the vicinity of the nu- 
cleus, where the screening of the Coulomb potential of 
the nucleus by the core electrons can be neglected. One 
has therefore, ultimately, 



AQ$(Z, N) = 



2^2 U 



Gt 



f eff 

' JVq 



2>(Z + N) K(mu). 



(21) 

For mjj < 100 MeV/c 2 the presence of the factor K 
weakens the expressions of the limits that would other- 
wise be obtained from |12|l . especially in the case of a 
very light gauge boson [25| . Still they remain of the same 
order as obtained from a local limit approximation, for 
mu ~ a few MeV/c 2 's, as can be seen from Table I. 



V. EXPERIMENTAL LIMITS ON f Ae f Vq 

From the present comparison between experimental 
measurements of Qw(Z, N) for cesium, and theoretical 
predictions from standard model estimates [l3l Il5| , 



(22) 



{Qwcxp — — 72.74 (29) eX p (36)thcor , 
Qwsm = - 73.19 ± .13 , 
one gets 

AQ W = Qwexp-QwsM = 0.45 ±0.48 , (23) 

which corresponds to an uncertainty of less than 1 %, i.e. 
(working conservatively at a pseudo " 2 a " level) 

- .51 < AQ W < 1.41 . (24) 

For cesium (A = 133), using G F /{2^/2 3 A) ~ 1.03 
10~ 14 MeV~ 2 and expression O of A Q w (for mu > 
100 MeV/c 2 ), we get the constraint 



.53 10- 14 MeV- 2 < fAe / Vq 



< 1.46 10~ 14 MeV~ 2 
(25) 



.5 10~ 3 G F < 



fAe fVq 



< 1.3 10 -3 G F 



(26) 

For a lighter U the limits get divided by the corrective 
factor K{mu) of Table I (i.e. approximately doubled, for 
mu — a few MeV/c 2 's). 

This analysis applies to heavy as well as to light Vs. 
In the first case it can constrain a U (unmixed with 
the Z, with couplings ~ g, g' or e) to be heavier than 
several hundred GeV/c 2 's or even more, depending on 
its couplings. As a toy-model illustration, an extra Z 
or U boson that would have the same couplings as the 
Z would lead directly to a negative contribution AQyy 
— Qw SM i m z/ m cxua z) 2 ■ Assuming for simplicity that 
no other contribution has to be considered, it would have 
to verify, approximately, |AQvH < -55. The new gauge 
boson should then be at least 11.5 times heavier than 
the Z, i.e.: 



m cxtra z > 1-05 TcV/c 2 , 
which is above present direct collider bounds. 



(27) 



For a light U on the other hand, the constraint (cf. 
(J2SJ) adds to those already obtained from low-energy 
v — e scattering cross sections, e.g., for mu larger than 
a few MeV/c 2 's, 



\fvv fa 



< 



G F 



(28) 



and anomalous magnetic moments of charged leptons 0, 
@- The latter constraints, however, should be con- 
sidered with appropriate care, especially in the case of 
parity-violating couplings, due to the possibility of can- 
cellations between (posit ive) vector contributions and 
(negative) axial ones |26j [27J. 

More significant in fact are the limits from the non- 
observation of an axionlike particle, which severely con- 
strain an axial contribution in the quark U current, re- 
quiring typically 



f 2 



in 



Aq_ 
2 
U 



<Vo Gf 



from ip or T 



7 + U decays, or even 
1 
300 



fls < 



Gj 



(29) 



(30) 



•v 



from K + — > tt + U decays P, @- If such an axial con- 
tribution is actually present, the extra-JJ(l) symmetry 
should then be broken sufficiently above the electroweak 
scale - a conclusion reenforced here, in the case of a 
U boson inducing atomic-physics parity-violation effects, 
constrained to be very small. This illustrates, also, how 
parity- violation atomic physics experiments can give very 
valuable informations, complementing those obtained 
from particle physics. 
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VI. CONCLUSION 

This analysis of parity-violation effects in atomic 
physics (which also applies to heavy bosons), combined, 
in the case of a light U , with earlier constraints on a pos- 
sible axionlike behavior of this particle, favors a situation 
in which the quark-and-lepton contribution to the U cur- 



rent is purely vectorial , as in a class of models discussed in 
Otherwise the scale at which the extra- f7(l) sym- 
metry is broken should be larger than the electroweak 
scale, by about one order of magnitude at least; the cou- 
pling of the U to a Light Dark Matter particle would 
then have to be further increased, to compensate for its 
smaller couplings to ordinary particles. 
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conserved charge 

Qz = - ~ (B-L) + ( i - sin 2 0) Q , 

leading to a Standard Model "weak charge" — (B — L) + 
(2 — 4 sin 2 6) Q , identical to ® in the case of a nucleus. 

[22] Finite-size effects of the nucleus may be taken into ac- 
count by replacing 8(f) by the nuclear density p n (f), 
normalized to unity (assuming here for simplicity that 
the p and n densities have the same radial behaviour) . 

[23] The couplings to the left-handed and right-handed 
fermion fields were expressed as — (1 — c v ), (l+c v ), 
respectively, which corresponds to a vector coupling 
fv = dp , and an axial coupling }a = — %■ ■ 

[24] In particular, if we define Da/vi = 1/x = tan/3, the axial 
coupling /ie is given, after Z — U mixing effects, by 
-f Ae = 2"3 G F ? mu I . 

[25] Furthermore in the limit of a very light U (i.e. for mu ^ 
m e a ~ 4 keV/c 2 so that h/(muc) S> h/(m e ca) ~ 
.5 10~ 8 cm), K(mu) oc m v (as one can see from 1171 ). 
and the limits may then be expressed as \fAe fvq I < •■• > 

instead of \fAefvq \l m u < ••• • 

[26] While the g — 2 constraints on the vector and axial 
couplings to the electron, and vector coupling to the 
muon, are in general not so restrictive (e.g. for a U 
somewhat heavier than e but lighter than /i, fve?s> 
2 10- 4 m,7(MeV), f Ae < .6 10~ 4 mu (MeV), /v> ^ 
6 10 -4 ), the one for an axial coupling to the muons 
(/a m £ 3 10" 6 m v (MeV) i.e. / A 2 M /m^ < G F ) is more 
severe, in connection with an axionlike behavior of the U 
boson in this case. 

[27] A light U could also be detected through a brcms- 
strahlung from an electron, in electron beam dump ex- 
periments, as for an axion decaying into e + e~ (but with 
a production cross section behaving differently, for a U 
having vector or pseudovector couplings); this may con- 
strain the U to be heavier than ~ a few to 10 MeV, 
depending on the size of its couplings 16] . However, a 
relatively light U responsible for Light Dark Matter an- 
nihilations at the appropriate rate tends to be much more 
strongly coupled to Dark Matter (cu) than to ordinary 
matter (/), possibly by several orders of magnitude. In- 
visible U decays into Dark Matter particles would both 
decrease significantly the U lifetime and make its visible 
decays into e + e~ very rare, or even practically negligible; 
no such limits may then be obtained in this way. 



